a efenollo@mes.upv.es, b aalonsod@mes.upv.es, c evllopis@mes.upv.es
Introduction
The reinforced concrete frames are the most used structural system in building. The stiffness provided by its nodes, although it reduces its deformation, it provides a high hiperstaticity grade that makes the analysis more laborious.
One of the ways to tackle its analysis is with the well-known matrix method, where frame nodes deformations are related to the loads applied through the named stiffness matrix. First approach to this matrix method was made by Livesley [1] and nowadays the essence of his mathematical model is still preserved.
The linear model evolution was leaded by Jennings [2] , which brought the evaluation of the geometric nonlinearity of the structure. Its complex work was simplified by Yang and McGuire [3] . Currently the geometric nonlinear design is usually deal with using an increasing loads application set out, using Zienkiewicz [4] terminology it can be expressed by:
Where [K L ] is the linear stiffness matrix, [K G ] and [K 0 ] are the matrixes that take into account, respectively, initial stresses and strains and [∆u] and [∆F] are the vectors that represent, at the same time, the increasing displacements and forces.
Less common is the consideration of the nonlinear behaviour of materials in the process of the structure analysis. When the evaluation of its effects is desired, the linear stiffness matrix [K L ] of the equation (1) is replaced by the named tangent matrix [K t ], in which components is introduced the progressive variation of the stiffness modulus E·I of the material.
An interesting comparative study about these and other design methods has been compiled by Nethercot [5] .
The present work sets out an iterative procedure, an alternative to the well-known quasi-Newton method proposed by Yen [6] , in order to get the section stiffness modulus E·I, from which the bar stiffness is deduced. The procedure, developed for a general loading case (axial force and two biaxial bending moments) and which takes into consideration nonlinear constituent equations of materials, it locates the equilibrium position of the section from the bisection method. Once the equilibrium is achieved, the stiffness modulus of the section is deduced from the expression E·I=M/φ.
The mechanical nonlinearity has influence in concrete structures specially, due to the facts that its elasticity modulus decreases as the stress applied is increasing and the inertia of the section is affected by concrete cracking.
The consideration of the mechanical nonlinearity is essential for two cases. In one hand the evaluation of the second order effects on the slender supports, produced by nonlinearity between loads and deformations and it is made worse because of the progressive reduction of the bar stiffness. Among the large number of studies about the behaviour of the named beam-column the ones made by Mavichak and Furlong [7] , Al-Noury and Chen [8] y Wang and Hsu [9] must be quoted. In the other hand, the determination of the produced deformations in elements under bending, its values increase with concrete cracking, like Cosenza [10] showed.
The implementation of the procedure exposed here, on a computer program about nonlinear analysis of structures using an increasing treatment in loads application allows to correct at each iteration the bar stiffness as many for geometrical reasons as for the mechanicals of the materials. With that, the consideration of the mechanical nonlinearity of the materials can be applied to the whole framed structure.
Structural Nonlinear Analysis
The structural analysis in the elastic system when matrixes methods are being used brings up a linear relationship between forces and displacements. When an analysis in a nonlinear system is pretended to be approached, the basic problem consists on that the values that built up the stiffness matrix of the structure depend on displacements and the loads applied. For this reason, the solution research use to be brought up in an incremental way by the loads application, at each load step a variation of the equilibrium equation is set out and is solved by an iterative process:
Where {d∆} and {dP} represent, respectively, the vectors of the differentials of displacement and loads. The tangent stiffness matrix [K t ], according to the formulation proposed by Mc Guire [11] , is formed by an elastic and linear component [K e ], and a nonlinear second component that takes into account the bar geometrical variations [K g ], and a third component that considers the mechanical nonlinearity of the materials [K m ].
The different elements of the stiffness matrix can be obtained, according to the procedure exposed by Paz [12] , through the expression:
Where ψ i (x) is the function defining the y(x) bar deformations when a unitary displacement δ i takes place and the rest of displacements are null.
When the material nonlinearity is wanted to be evaluated, we cannot take the E·I term in the equation (3) as a constant value. In this case, the bar stiffness will be obtained from the E·I term evaluation in a set of discrete sections along the bar.
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Section response
When solicitations are known, the determination of the equilibrium position of the section, needed for obtaining the E·I stiffness modulus, an iterative process is required, at each of its steps the internal response of the section must be known.
In the general case of axial load and biaxial bending, the relation curvature-axial load-moment involves six variables: the axial force (P), bending moments (Mz -M Y ) , distance from neutral axis to the section centre of gravity (z n ), the curvature of the deformation plane (φ) and the angle formed by neutral and Y axes (θ) (See Figure 1 ).
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Figure 1 : Section response assessment
At present work the section response has been determined using a discretization model of the section based on segments that have a constant strength assigned, which is applied to their centre of gravity.
Once the positions of neutral axis (θ y z n ) and the deformation plane curvature (φ) have been fixed, and after the change of the coordinates into a reference system defined by the neutral axis, then the deformation of the medium line of each segment is determined by:
When deformation is known, each segment stress is obtained by the application of the constitutive laws of materials. The section response is obtained by integrating in a numerical way:
Where σ c and σ s are concrete and steel strength at each axis that depend on the deformation ε(z), dA c is the concrete area for the considered axis and A s is the area of each one of the reinforcing bars.
Equilibrium position location
The iterative process that is proposed to locate the equilibrium position, based on bisection method, it consists of three loops in chain.
The process begins from three pair of value, φ inf -φ sup , z n,inf -z n,sup and θ inf -θ sup in their interval is where the solution values are. From these values are taken as the initial position (φ i -z n,i -θ i ) the mediums, from those the section response is determined (Eq. 5).
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First loop will locate the curvature of the deformed plane due to the equilibrium between the axial loads, while neutral axis keeps its position fixed. If the axial response (N R ) of the section for the initial curvature (φ i ) is bigger than the axial solicitation (N), to reduce the curvature will be necessary, but in the opposite case to increase it will be. The described process and the way to get curvature value for the next iteration is shown at the following expression:
Second loop determines neutral axis distance to the centre of gravity of the section because of the equilibrium of moments M Z , while rotation of the neutral axis keeps fixed. After getting section response (N R -M Z,R -M Y,R ) with starting position of the neutral axis (z n,i ), the routine increases the distance when the section response is bigger than the bending moment (M Z ) and in the opposite case decreases it. As the section response is obtained from a reference system that is defined by the neutral axis, the change to a system of Z-Y axis is necessary. The process previously described and the way to obtain neutral axis position for the next iteration is shown at the following expression:
This loop includes the previous one, when convergence is achieved, neutral axis position and the curvature of the deformed plane will be known.
Third loop determines the neutral axis rotation because of the moments M Y equilibrium. After getting the section response with the initial rotation of the neutral axis (θ i ), the routine increases the angle if the section response is bigger than the bending moment (M Y ) and decreases it in the opposite case. As in the previous loop the change from a reference system to Z-Y axes is necessary. The described process and the way rotation value is obtained for the next iteration is shown at the following expression:
This loop includes the two previous ones, so when convergence is obtained, as well the neutral axis rotation and position as the curvature of the deformed plane will be known, they produce the internal response of the section and solicitations equilibrium.
Each loop convergence is achieved when the difference between the appropriate solicitation and the internal section response is considered worthless.
An approach to the solution of the neutral axis position and rotation
Although convergence is guaranteed with the exposed method, the number of iterations needed is sensitive to the neutral axis position and rotation starting values. That is why to begin the process with values near enough to the final solution is advisable.
An angle fairly accurate to the direction formed by neutral axis from (Mz/Iz , My/Iy) vector can be estimated, so the angle formed by neutral axis and Y axe can be obtained by the Eq. 9: 
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As superior and inferior limit values in neutral axis rotation angle to apply the procedure, will be used θ i ± ∆θ.
The distance z n to the section centre of gravity and neutral axis, will depend on the eccentricity of the axial load and area and inertias of the section. Its value can be estimated by the Eq. 10: As superior and inferior limit values in neutral axis position will be used, z n,i ±∆z n .
It is rather more complicated to approach the ending curvature of the deformed plane. Because of this, as inferior limit null curvature (θ inf =0) is taken, and as superior limit the curvature correspondent to the section failure surface (θ sup =θ ε,u ), for previously defined rotation and position. Medium value is used as the starting value.
At the first few load steps, the values for neutral axis rotation and position are obtained from Eq. 9 and Eq. 10, they will be enough if Iz, and Iy are used as the gross inertia homogenized of the section. However, for higher loading values, it is advisable to use the fissured inertia which comes from the loading step of the previous cycle.
Application of the proposed method
Characteristics of the materials
The stress-strain relationship used for concrete is the one recommended by the Eurocode 2 [13] , for section calculation, this can be expressed by the function: According to EC2, a stress-strain diagram is used for steel, and made up by two branches: first branch starts form the origin, with a slope equal to 210 kN/mm 2 (E s ) until the elastic limit is reached (f sk ), and a second horizontal branch until a maximum unitary deformation of 1%.
Results
In order to show the working procedure described before to obtain the equilibrium position, a calculation for a 30x40 section has been made and a 6φ12 section as reinforcing steel placed with a 3cm layer. The strength of used materials have been f ck = 25 N/mm 2 for concrete and f sk = 400 N/mm 2 for reinforcing steel. Table 1 shows area and gross inertias of the section, solicitations and the initial values of neutral axis and curvature position. Table 2 shows iterations for a whole cycle, which have been made in order to get the convergence between loads and the section response. Curvature correction (φ), position (z n ) and the rotation (θ) of neutral axis can be observed, depending on axial load and internal moments obtained in the section response. It can be observed that the number of iterations is bigger at the first curvature research, due to not to have an initial value near enough to the solution. For following iterations, where the equilibrium curvature from previous cycle is known, the iterations number is reduced to a medium value of 4, managing to reduce the error among axial loads around to 1%.
On the other hand, the initial value of the neutral axis position is near enough to the final solution, getting with only two iterations an error of 1,6%. For the initial value of neutral axis rotation, in the case shown here, Eq. 6 has been used with the gross inertias of the section, getting an error of 3,9%. This can be reduced if we start from the fissured inertias from the loading step of the previous cycle. By the application of the correspondent iterations, the error can be reduced to the wanted value.
Moment-curvature diagram
In the plane bending cases is common to represent the diagram that relates the moment with the curvature (M-φ) for constant values of the axial load. In the general case of biaxial bending we are dealing with, the diagram became a surface that relates two bending moments to the curvature. As an example, and using the section described, that surface for a constant load of 1.000 kN has been made, with bending moments Mz-My represented in horizontal plane and the curvature φ at vertical axe.
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Advances in Civil Structures For reduced bending moments can be observed that the surface come near a cone with its vertex in the origin of the reference system. However curvature increases faster each time, as bending moments increase what make the surface bending. That is because between them there is nonlinearity what makes the progressive stiffness loose in the section clear as the bending load increases.
Conclusions
Nonlinearity in the mechanical behaviour of materials affects significantly to concrete structures, as its elasticity modulus varies depending on the strength applied and the inertia of the section, affected by the material cracking.
The evaluation of two elements takes a special interest: beams under a bending load whose behaviour is modified after cracking and bars under compression, affected by the second order effects.
In order to evaluate the mechanical nonlinearity an iterative procedure has been developed this permit to obtain the position of equilibrium of a reinforced concrete section to the general case of axial force and biaxial bending. The shown procedure takes into consideration the strength behaviour of the different materials across their nonlinear constituent equations. Convergence is guaranteed and is quick enough when starting from initial values that are close to the final solution, as the ones proposed at this paper.
Its implementation in a computer program about nonlinear analysis of structures allows, at each loading step, to modify bar stiffness taking into account, not only geometrical nonlinearity but the mechanical of materials too.
As an example, an application of the developed procedure to obtain the equilibrium of a reinforced concrete section has been shown. The obtained values to reach the whole cycle equilibrium have been expressed in a table, becoming patently clear the exposed method and the criterion for correcting values of the neutral axis position and of the curvature.
With this methodology and following an incremental process of the bending moments, the (Mz-My-φ) values have been obtained, and that made possible to represent the moment-curvature surface of the section for a constant load of 1.000 kN.
The procedure shown represents a powerful and quick method for structural design that takes into consideration mechanical nonlinearity of materials and an efficient tool for developing of further researches.
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